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le motion in mirouidis simulated using a
Femlab implementation of the level set method
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Tehnial University of Denmark, DK-2800 Kongens Lyngby, Denmark
(Dated: April 11, 2018)
We implement the level set method for numerial simulation of the motion of a suspended partile
onveted by the uid ow in a mirohannel. The method automatially ope with the interations
between the partile and the hannel walls. We apply the method in a study of partiles moving in
a hannel with obstales of dierent shapes. The generality of the method also makes it appliable
for simulations of motion of partiles under inuene of external fores.
I. INTRODUCTION
In reent years numeral lab-on-a-hip systems have
been developed to analyze biologial samples. Many of
these systems rely on handling of partiles and ells om-
parable in size to the dimensions of the hannels ontain-
ing them. Examples of suh mirosystems are bumper-
arrays or DEP-systems [1, 2, 3, 4℄
It is a major hallenge in theoretial mirouidis to
study the dynamis of partiles of nite size when they
are onveted by a uid ow. Espeially problemati is
the fores appearing during ollisions of the partiles with
the walls of the hannel.
The level set method [5℄ is well suited to ope with
these problems. By introduing a hypersurfae φ(r, t),
the partile interfae is represented as the zero level set
φ(r, t) = 0. The major advantage of the method is that
this zero level set an be alulated impliitly instead of
expliit traking of the points on the interfae.
The manusript is organized as follows: In Se. II we
state the equations governing the dynamis of the system
and in Se. III we derive the level set formulation for the
traked interfae. The implementation of the method in
the numerial simulation tool Femlab is desribed in
Se. IV and we present results of a test study in Se. VI.
Finally, we evaluate the method in Se. VII and give
suggestions to future areas of usage.
II. GOVERNING EQUATIONS
We onsider mirouidi systems. Hene the hara-
teristi length sales of hannels are of the order of 10 µm
whih is well beyond the intermoleular distanes har-
ateristi of the uids involved. Thus the ontinuum hy-
pothesis applies. Moreover, in these systems the ow
veloities are muh smaller than the propagation of pres-
sure (the speed of sound). We an therefore onsider the
uids to be inompressible and the ontinuity ondition
∇ · u = 0 (1)
holds true for the veloity eld u of the uid.
Consider a domain Ω onsisting of two subdomains Ω1
and Ω2 with surfaes ∂Ω1 and ∂Ω2, respetively. The
ommon boundary between Ω1 and Ω2 is the interfae Γ
whih we want to evolve.
The rate of hange of the momentum of the uid is
given by
∫
Ω
ρDu
Dt
dr involving the substantial time deriva-
tive of u. The hange in momentum arises from the fores
ating on the volume of uid. In a mirouidi system
we an neglet gravity and the only fore Fσ ating on a
volume of uid Ω stems from the stresses σ exerted by
the surrounding liquid on the surfae ∂Ω,
Fσ =
∫
∂Ω
σ · da, (2)
where σ is the stress tensor modelled by
σij = −pδij + η (∂jui + ∂iuj) . (3)
Newton's seond law therefore takes the form
∫
Ω
ρ
Du
Dt
dr =
∫
∂Ω
σ · da. (4)
The right hand side of this equation an be split up in
three integrals; two parts for eah of the boundaries of
the two subdomains and one along the ommon interfae
∫
Ω
ρ
Du
Dt
dr =
∫
∂Ω1
σ · da+
∫
∂Ω2
σ · da+
∫
Γ
[σ · da]
=
∫
Ω1
∇ · σ dr+
∫
Ω2
∇ · σ dr+
∫
Γ
γκ da,
(5)
In the seond equality we have used Gauss' theorem as
well as the YoungLaplae law relating the pressure drop
[σ ·da] aross the interfae Γ to the surfae tension γ and
average urvature κ.
To failitate numerial omputation it is desirable to
rewrite the last integral in Eq. (5) as a volume integral
like the rest of the terms. This an be ahieved by intro-
duing a level set funtion φ(r, t) as we will show in the
following.
2III. THE LEVEL SET METHOD
Following Ref. [6℄ we introdue a level set funtion
φ(r, t) with the properties

φ(r, t) > 0, r ∈ Ω1,
φ(r, t) = 0, r ∈ Γ,
φ(r, t) < 0, r ∈ Ω2.
(6)
This funtion uniquely denes the interfae as Γ(t) =
{r|φ(r, t) = 0} and permits us to distinguish eah sub-
domain by the sign of φ. We also introdue a transverse
level set funtion ψ(r, t) suh that
∇φ ·∇ψ = 0, |∇ψ| 6= 0. (7)
We show in Appendix A that it is possible to onstrut
suh level set funtions. In the following we onsider a
two dimensional system, but the method is appliable
in higher dimensions also. We an onstrut a global
orientation-preserving dieomorphism that maps Ω 7→ Ω′
through the variable hange
x′ = ψ(x, y) (8a)
y′ = φ(x, y). (8b)
We denote partial derivatives with indies, e.g., ψx ≡
∂xψ. The hange of variables Eqs. (8) is area preserving
beause the Jaobian is non-zero,∣∣∣∣∂(ψ, φ)∂(x, y)
∣∣∣∣ = (φy,−φx) · (ψx, ψy) = |∇φ||∇ψ| 6= 0, (9)
where we assume that ψ is onstruted suh that ∇ψ is
parallel to the tangent diretion and therefore−∇ˆφ||∇ψ.
Furthermore we introdue a parameterization(
x(s), y(s)
)
of Γ, where s is an ar-length variable.
Using this parameterization an innitesimal hange in
x′ along Γ is given by
dx′|φ=0 = |∇ψ| ds, (10)
where we have utilized the above assumption that the
gradient of ψ is parallel to the tangent diretion. With
the above denitions we an rewrite the surfae integral
in Eq. (5) as∫
Γ
γκ da =
∫
φ=0
γκn ds
=
∫
φ=0
γκ
∇φ
|∇φ|
1
|∇ψ|
dx′
=
∫
Ω′
γκδ(y′)
∇φ
|∇φ|
1
|∇ψ|
dx′ dy′,
(11)
where we have used that the normal n to the interfae
an be written as ∇φ/|∇φ|. Using Eq. (9) for hanging
variables, Eq. (11) beomes∫
Γ
γκ da =
∫
Ω
γκδ(φ)∇φdxdy. (12)
Inserting Eq. (12) into Eq. (5) yields∫
Ω
ρ
Du
Dt
dr =
∫
Ω
[∇ · σ + γκδ(φ)∇φ] dr. (13)
This must hold true for any volume Ω. Hene
ρ [∂tu+ (u ·∇)u] =∇ · σ + γκδ(φ)∇φ, (14)
whih is the level set formulation of the NavierStokes
equation.
In order to have the system ompletely desribed by
dynamial equations we nally need an equation desrib-
ing the evolution of the zero level set. We only need to
onsider the movement of the zero level set beause this
is the only part of the level set funtion with a physial
interpretation. Evolving the equation φ(r, t) = 0 in time
denes the movement of the front. Dierentiating with
respet to time yields
d
dt
φ(r, t) = 0 whih is written as
∂tφ(r, t) +V ·∇φ(r, t) = 0, (15)
where V = dr
dt
∣∣∣
r∈Γ
is the veloity of the zero level set.
Requiring the veloity eld to be ontinuous leads to
V = u, and the evolution equation for φ beomes
φt + u ·∇φ = 0. (16)
IV. FEMLAB IMPLEMENTATION
One of the great advantages of the level set formula-
tion is that it does not trak the interfae expliitly but
rather apture it impliitly. Thereby we avoid to intro-
due expliit fores from the walls during ollisions as
they enter impliitly through the stress tensor σ and the
no-slip boundary ondition on the veloity eld u. Fur-
thermore, several numerial tools are available for solving
the dynamial system. In this setion we desribe how
we have implemented the level set method in the nite
element software pakage Femlab [7℄. We have used the
Femlab sripting language trough a Matlab interfae
in the general PDE mode. Here the PDEs are given by
da
dU
dt
+∇ · Γ = F in Ω (17a)
in terms of the variable vetor U, the urrent tensor Γ
and the generalized soure tereld F. The boundary on-
ditions take the form
−njΓlj = Gl +
∂Rm
∂Ul
µm on ∂Ω (17b)
0 = Rm on ∂Ω, (17)
where the index l is the variable ounter, m is the on-
straint number (the number of boundaries) and j is the
number spae dimension number. The Lagrange multi-
pliers µm are hosen by Femlab in order to fulll the
onstraints, while the salars Fl, Gl and Rm are given by
the physis of the problem.
3A. NavierStokes equation in Femlab
Introduing the harateristi length sale L0, veloity
sale U0, density ρ0, visosity η0 and surfae tension γ0
we an express the physial quantities as a dimension-
less number times the harateristi sale. Denoting the
nondimensional quantities by a tilde we simply have
r = L0r˜, u = U0u˜, ρ = ρ0ρ˜,
η = η0η˜, γ = γ0γ˜.
(18)
Similarly we an dene the harateristi pressure and
timesale as relations between the hosen harateristi
parameters
p =
η0U0
L0
p˜, t =
L0
U0
t˜. (19)
Substituting Eqs. (18) and (19) into the NavierStokes
equation (14) yields
Reρ˜
[
∂t˜u˜+ (u˜ · ∇˜)u˜
]
= ∇˜ · σ˜ +
1
Ca
γ˜κ˜δ(φ)∇˜φ. (20)
Here the Reynolds number Re = ρ0U0L0/η0 is the ratio
between inertial fores and visous fores and the Capil-
lary number Ca = η0U0/γ0 is the ratio between visous
fores and the surfae tension fores.
Rearranging the terms in Eq. (20) we nd
Reρ˜∂t˜u˜− ∇˜ · σ˜ =
1
Ca
γ˜κ˜δ(φ)∇˜φ− Reρ˜(u˜ · ∇˜)u˜, (21)
whih is seen to be on the Femlab general form if
da = Reρ˜, (22a)
Γ = −σ˜, (22b)
F = −Reρ˜(u˜ · ∇˜)u˜+
1
Ca
γ˜κ˜δ(φ)∇˜φ, (22)
Uu = u˜. (22d)
The density ρ˜, visosity η˜ and the urvature of the front κ˜
are dened as auxiliary funtions of the level set funtion
φ. In a system with two immisible inompressible uids
(or a partile in a uid) the density and visosity are
onstant on eah side of the interfae. We an therefore
dene the dimensionless density and visosity as
ρ˜ = 1 +H(φ)
(
ρ1
ρ2
− 1
)
(23)
and
η˜ = 1 +H(φ)
(
η1
η2
− 1
)
, (24)
where H(φ) is a Heaviside funtion dened as
H(φ) =
{
1, φ ∈ Ω1,
0, φ ∈ Ω2.
(25)
Setting ρ0 = ρ2 ensures that the density of the uid is
ρ1 and ρ2 in Ω1 and Ω2, respetively. Similarly setting
η0 = η2 makes the visosity of the uid η1 and η2 in Ω1
and Ω2, respetively.
The urvature of the zero level set is given by
κ(φ) =∇ · n =∇ ·
(
∇φ
|∇φ|
)
, (26)
where n = ∇φ/|∇φ| is a unit normal vetor to the in-
terfae [5, 8℄.
When solving the system numerially the abrupt
hange in density and visosity aross the interfae auses
numerial instabilities to our. In order to avoid this we
substitute H(φ), δ(φ) and sign(φ) with the smeared out
versions Hǫ(φ), δǫ(φ) and signǫ(φ) dened as
Hǫ(φ) =
1
2
+
1
2
tanh
(
φ
ǫ
)
, (27a)
δǫ(φ) = H
′
ǫ(φ) =
1
2ǫ
−
1
2ǫ
tanh2
(
φ
ǫ
)
, (27b)
signǫ(φ) = tanh
(
φ
ǫ
)
. (27)
This implies that the interfae has a nite thikness Γǫ
approximately given by
Γǫ =
2ǫ
|∇φ|
. (28)
B. The ontinuity equation in Femlab
The dimensionless form of the ontinuity equation is
0 = ∇˜ · u˜, (29)
whih is entered into Femlab by hoosing F = ∇˜ · u˜,
Γ = 0, da = 0 and Up = p˜.
C. The level set equation in Femlab
The nondimensionalized form of the onvetion equa-
tion for the zero level set is
φt˜ + u˜ · ∇˜φ = 0, (30)
whih an be rearranged to
φt˜ = −u˜ · ∇˜φ (31)
and implemented in Femlab by setting F = −u˜ · ∇˜φ,
Γ = 0, da = 1 and Uφ = φ˜.
4TABLE I: The parameter values used in the simulation of the
test ase.
Reynolds number Re = 1× 10−3
Capillary number Ca = 1× 106
Density ρ0 = 1× 10
3
kg m
−3
Visosity η0 = 1× 10
−1
Pa s
Obstale size l = 6× 10−6 m
Partile radius rp = 3× 10
−6
m
Pressure drop ∆p = 1.2× 10−3 Pa
Time step ∆t = 5× 10−2 s
Mesh element size hmesh= 1.1× 10−6 m
Thikness parameter ǫ = 0.5× hmesh
D. Reinitialization of the level set funtion
It is neessary to maintain a uniform thikness of the
interfae throughout the alulations. This requires that
the gradient of the level set funtion is onstant within
a region around the interfae |φ| < ǫ. This is not au-
tomatially fullled. The time evolution of any level set
φ(r, t) = C is given by the level set Eq. (16). This means
that the height of the level set funtion will remain on-
stant, but it does not ensure that the gradient does not
hange. Thus in order to keep a xed interfae thik-
ness we need to reinitialize the level set funtion without
hanging the zero level set.
In priniple we an use any funtion that fullls
Eq. (6), sine only the zero level set has a physial in-
terpretation. But requiring the interfae thikness to be
xed onstrains the gradient of φ to be xed in a region
around the interfae. A hoie of φ(r, t) that fullls these
requirements is the signed distane funtion, where the
distane is the shortest distane d(r) from a point to the
interfae
d(r) = ±min(|r− rΓ|), (32)
rΓ being the points on the interfae. The plus sign applies
if r ∈ Ω1 and the minus sign if r ∈ Ω2. The length of the
gradient for this partiular hoie of level set funtion is
|∇φ| = 1. (33)
We have implemented two dierent reinitilization pro-
edures. One simple reinitialization proedure where we
realulate the level set funtion at every time step and
one using the reinitialization equation suggested by Suss-
mann, Smereka and Osher [9℄
∂τψ(r, τ) = sign(φ)
(
1− |∇ψ(r, τ)|
)
, (34)
with the initial ondition ψ(r, 0) = φ and τ being a pseu-
dotime. The steady state solution to this equation is the
reinitialized level set funtion. Beause numerial osil-
lations an our if the sign of φ hanges abruptly at
the interfae it is neessary to use the smeared out sign
funtion given in Eq. (27).
l
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η1 ρ1
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xfinal
FIG. 1: For the test study we use the geometry and mesh
shown in the gure. The general shape of the obstale is as
shown in the lower inset on the right. The radius a of the
rounded orner was hanged from one simulation to the next.
The aspet size of the obstale is l. The height of the hannel
is H = (20/3)l and the width of the hannel is W = (13/3)l.
The upper inset on the right shows the general idea of the
test study: The partiles start in the initial position x0 and
the nal position xfinal is reorded.
The reinitialization equation is already on a form suit-
able for implementation in Femlab. Simply letting F
equal the right hand side of the equation and setting
da = 1 and Γ = 0 with Uψ = ψ does the trik.
To avoid mass loss during the reinitialisation proedure
we have put a onstraint on the solution: the volume of
the partile must be onstant at all time. This is done
in Femlab via the eld fem.equ.onstr where we on-
strain the dierene between the integrals of the smeared
out Heaviside funtion Hǫ(ψ) at time τ and the smeared
out Heaviside funtion Hǫ(φ) at time t = 0 to be zero.
The integrals are omputed by using the integration ou-
pling variables in Femlab.
V. MODEL SYSTEM AND SETUP
To test the implementation of the level set method in
Femlab we have done a test study of a partile (a drop
of high visosity and surfae tension) whih is passively
onveted in a two dimensional uid ow. The visosity
η2 of the partile was 100 times larger than the visosity
η1 of the uid. The density ρ1 of the uid was equal
to the density ρ2 of the partile. The omplete list of
parameters is given in Table I.
The physial domain is an innitely wide and innitely
long hannel with an obstale in the enter as shown in
Fig. 1. The boundary onditions on the uid are no-stress
on the sides of the omputational domain and no-slip at
the obstale. The uid veloity eld is periodi from
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FIG. 2: For partiles passing obstales of dierent shapes nor-
malized dierene 2∆x/W in horizontal position from start
to nish is plotted versus starting position 2a/l. The missing
data points for the simulations with the initial positions of
the partiles nearest to the enter of the hannel is due to the
partiles getting stuk at the obstale and hene not reahing
the nal position.
top to bottom of the domain and is driven by a pressure
dierene ∆p.
We ran a series of simulations with the shape of the
obstale hanging from irular to quadrati by hanging
the radius of the rounded obstale orner a. Eah sim-
ulation onsisted of a series of runs with dierent initial
horizontal position x0 of the partiles and the initial ver-
tial position of the partiles was y0 = H− l from the top
of the hannel. When the enter of a onveted partile
is l from the bottom of the hannel the nal horizontal
position x
nal
is deteted (Fig. 1).
We represent the partile by the negative part of a level
set funtion and the surrounding uid is identied by the
positive part of the level set funtion. The initial level
set funtion is given by
φ(x, y, t = 0) =
√
(x− x0)2 + (y − y0)2 − rp, (35)
where (x0, y0) is the initial position of the partile and
rp is the radius of the partile. Using these parame-
ters we solve the problem by rst evolving the dynamial
equations in a small time step ∆t and then reinitialize
the level set funtion using the reinitialization proedures
desribed above. With the reinitialized level set funtion
as initial ondition for φ we evolve the dynamial system
one more time step. This sequene is ontinued until the
partile has moved all the way through the system.
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FIG. 3: The paths of partiles passing obstales of dierent
shapes when the starting point is 2x0/W = 0.308 right of the
enterline of the hannel.
FIG. 4: The path of the partile started at 2x0/W = 0.015
when the radius of the rounded obstale orner is a = l/2.
The partile (blak dot) is shown when it `interats' with the
obstale. The small gap between the partile and the obstale
wall is aused by the smearing of the partile interfae.
VI. RESULTS
We arried out simulations for four dierent initial
positions of the partile. The initial horizontal posi-
tions 2x0/W were 0.015, 0.077, 0.308 and 0.539, re-
spetively. For eah of these initial positions we used
ve dierent radii of the rounded orner of the obstale:
2a/l = i/10, with i = 1, 3, 5, 7, 10.
For eah ombination of initial position and obstale
shape we solved the system and obtained the partile
paths. Examples are shown in Figs. 3 and 4. It is seen
that the paths of partiles with the same initial position
hanges as funtion of the shape of the obstale (Fig. 3).
In Fig. 2 we have plotted the dierene in the horizontal
position ∆x from start to nish.
The dierene in horizontal position is almost zero for
the partiles started in at the greatest distane from the
6enter of the hannel, independent of the shape of the ob-
stale. As the initial position gets loser to the enter of
the hannel the dierene in horizontal position beomes
larger and the round obstales tend not to drag as muh
in the partiles as the square obstales yielding a larger
dierene in the horizontal position.
Fig. 4 shows that our implementation of the level set
method is apable of oping with the interation fores
between the stable obstales and the moving partiles
automatially.
VII. DISCUSSION AND CONCLUSIONS
We have shown that the level set method is easily im-
plementable in Femlab and that it is a suitable method
for oping with the interation fores between partiles
and hard walls automatially. Partiles an be modelled
as very visous liquid drops and the shape preservation
an be taken are of trough an appropriate reinitializa-
tion proedure.
We have used a simple shape preserving reinitializa-
tion method. Further work is needed in order to on-
vet partiles of an arbitrary xed shape. One promising
reinitialisation sheme is the partile level set method
suggested by Enright et al. [10℄.
The level set method might prove useful when simu-
lating mirouidi systems for partile handling. In this
paper we have only onsidered the fores exerted on the
partiles by the onveting uid and thereby indiretly
the fores from the solid walls. However also other fores
suh as DEP fores or magneti fores ould be taken into
aount making the method appliable for simulations of
many lab-on-a-hip systems fabriated today.
APPENDIX A
We demonstrate how to onstrut the transverse level
set funtion ψ with the required properties. We start by
dening a oordinate transformation by
d
dτ
(
x(s, τ), y(s, τ)
)
=∇φ
(
x(s, τ), y(s, τ)
)
, (A1a)
where (
x(s, 0), y(s, 0)
)
=
(
x(s), y(s)
)
. (A1b)
Beause of the δ funtion in Eq. (14) ψ only needs to
fulll the requirements in a small region |τ | < ǫ around
Γ. In this small region we an dene ψ as
ψ
(
x(s, τ), y(s, τ)
)
= ψ0(s), (A2)
where ψ0(s) is a smooth inreasing funtion if and only
if the mapping of (x, y) to (s, τ) is one-to-one. Using the
hange of variables theorem we have to show that∣∣∣∣∂(x, y)∂(s, τ)
∣∣∣∣ 6= 0. (A3)
Taylor expanding Eq. (A1a) around τ = 0 yields
(xτ , yτ ) =∇φ
(
x(s), y(s)
)
+O(τ). (A4)
Dierentiation of Eq. (A1a) with respet to s and inte-
gration with respet to τ yields∫ τ
0
d
ds
d
dτ ′
(
x(s, τ ′), y(s, τ ′)
)
dτ ′ =∫ τ
0
d
ds
∇φ
(
x(s, τ ′), y(s, τ ′)
)
dτ ′ (A5)
From whih follows(
xs(s, τ), y(s, τ)
)
−
(
xs(s, 0), ys(s, 0)
)
=∫ τ
0
d
ds
∇φ
(
x(s, τ ′), y(s, τ ′)
)
dτ ′, (A6)
and thus(
xs(s, τ), y(s, τ)
)
=
(
xs(s), ys(s)
)
+
∫ τ
0
d
ds
∇φ
(
x(s, τ ′), y(s, τ ′)
)
dτ ′
= T(s) +O(τ). (A7)
Here T is a unit tangent vetor to the interfae. We an
now alulate the determinant (A3)∣∣∣∣∂(x, y)∂(s, τ)
∣∣∣∣ = (xτ , yτ ) · (−ys, xτ )
=∇φ(xs, ys) · Tˆ
= |∇φ||T|+O(τ)
= |∇φ|φ=0 +O(τ) 6= 0.
(A8)
This means that ψ is well dened in a small region around
Γ. Now all we need to prove is that ∇φ and ∇ψ are
orthogonal and that |∇ψ| 6= 0. The orthogonality an be
proved by dierentiating ψ with respet to τ ,
d
dτ
ψ
(
x(s, τ), y(s, τ)
)
= ψxxτ + ψyyτ
=∇ψ ·∇φ =
dψ0(s)
dτ
= 0,
(A9)
whih means that φ and ψ are orthogonal if and only if
|∇ψ| 6= 0. This follows immediately from dierentiating
ψ with respet to s,
d
ds
ψ
(
x(s, τ), y(s, τ)
)
= ψxxs + ψyys
=∇ψ · (xs, ys)
=∇ψ ·T
= |∇ψ| = ψ′0(s) > 0,
(A10)
7beause ψ0(s) was hosen to be an inreasing funtion.
Thereby we have established the level set formulation
of the NavierStokes equation for a two liquid ow of
inompressible uids.
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